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PERIODIC ORBITS
OF THE RESTRICTED THREE-BODY PROBLEM

SALEM MATHLOUTHI

ABSTRACT. We prove, using a variational formulation, the existence of an in-
finity of periodic solutions of the restricted three-body problem. When the
problem has some additional symmetry (in particular, in the autonomous
case), we prove the existence of at least two periodic solutions of minimal
period T', for every T' > 0. We also study the bifurcation problem in a neigh-
borhood of each closed orbit of the autonomous restricted three-body problem.

1. INTRODUCTION

We study the existence of periodic solutions of the restricted three-body problem.
We are interested in the configuration studied by Sitnikov [14] and Moser [11]: we
consider two mass points of equal mass m; = mg > 0 moving in the plane under
Newton’s law of attraction in the elliptic orbits such that the center of mass is
at rest. We consider a third mass point moving on the line perpendicular to the
plane containing the first two mass points and going through the center of mass,
and we suppose that the third mass point does not influence the motion of the first
two. Let z be the coordinate describing the motion of the third mass point, so that
z = 0 corresponds to the center of mass of the first two mass points. The restricted
three-body problem consists in determining z such that:

)
N EOREEn

where r(t) = r(t 4+ 27) is the distance from the center of mass to one of the first
two mass points. For a small € > 0, the function r takes the form (see Moser [11]):

r(t) = (1 —ecos(t)) + O(e).

In this paper, we suppose that the function r: R — R is continuous and T-periodic,
T > 0. We prove, using a variational formulation, the existence of an infinity
of periodic solutions of the restricted three-body problem. When the T-periodic
function r satisfies the following hypothesis

vt €[0,T/2], r3(t)=r*(T -1

(in particular, in the autonomous case) we prove that for all £ € N the restricted
three-body problem has at least two periodic solutions of minimal period k7. Fi-
nally, for |e] # 0 small enough, we can see the restricted three-body problem as
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a perturbed system of the autonomous system (¢ = 0). We prove that in the
neighborhood of each orbit:

Zrp ={0xxp =xr(.+6): 0€0,kT|}
where . is a periodic solution of minimal period (kT") of the autonomous restricted
three-body problem, there are at least two (kT)-periodic solutions of the perturbed
restricted three-body problem for a |¢| # 0 small enough.
The existence of an infinity of periodic solutions of the restricted three-body

problem was proved for the first time by Moser [11]. The method used by Moser is
different from ours. He uses the Bernouilli shift and the symbolic dynamics.

2. VARIATIONAL FORMULATION

We consider the restricted three-body problem:

2(t)
(22(t) +72(t))%/2
2(0) — 2(T) = 2(0) — 2(T) = 0,

—5(t) =

(1)

where T'> 0 and r: R — R is a continuous T-periodic function:
r(t+T)=r(), VYteR.
We denote by H+ the Hilbert space
Hy = {z € H'([0,T], R)|2(0) = 2(T)}

equipped with its usual norm

T
I = [ (0P + 1P
and we define the functional f by
H} — R,

L 1

It is not difficult to prove that f is of class C? and that the solutions of the system
(1) are the critical points of the functional f.
We denote by Z(f) the set of the critical points of f:

2(f) = {z € Hy|f'(2) = 0}.
The Morse index of z € Z(f) is defined to be the supremum of the dimensions of
the subspaces of H on which f”(2) is negative definite. The nullity of z € Z(f)
is defined as the dimension of ker f”(z). We denote by i(z) and v(z) respectively,

the Morse index and the nullity of the critical point z.
Let

3/2
= 1m t
o (te[(?,):%] |T( )|>

and

klzmax{keN;k< T }
27mmy
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Theorem 1. If ky > 1, then

(a) The functional f has at least 4k1 of nontrivial critical points, and if xy is a
critical point then —xy is also a critical point.

(b) For all k, 1 < k < 2k, there exist two critical points xy,yr of f such that

and
i(yr) +v(yk) = k.

Corollary 1. There exist po € N and an increasing sequence of integers (kp)52q
such that

lim k, = +o0
p—00 p

and, for all p > po, the restricted three-body problem has at least 4k, nontrivial
(pT')-periodic solutions.

Proof of Corollary 1. The function r is T-periodic. Then, for all p € N, p > 1, it
is also a (pT')-periodic function. Let

T
kp:max{keN;k< P }
27mmy

It is clear that (k,)p—1,0c is an increasing sequence, that there exists pg € N such
that k, > 1 for p > py and lim,_,o k, = +00. Now, apply Theorem 1 with the
period (pT). |

Corollary 2. The restricted three-body problem has an infinity of distinct closed
orbits.

Proof of Theorem 1. We say that f satisfies the Palais-Smale condition, shortly
(P.S.) condition, at the level ¢ € R, if, for every sequence (z;) C H* such that

f(zx) —» cand f'(2) = 0, ask— oo
there is a convergent subsequence. 0

Lemma 1. (a) The functional f is even and satisfies the (P.S.) condition at every
level ¢ > 0.
(b) Z(f) is a compact set.

Proof. (a) It is clear that f is even. Let (2) C H} be a sequence such that

(2.1) f'(zk)h — 0, Yhe€ Hj, ask — oo
and

(2.2) flzx) = ¢>0, ask — .
We denote

T
Ey = {er:H/O x(s)ds:O}.

It is not difficult to see that HY. = Ey & R. Let (z;) C Ep and (&) C R be such
that

ok =ap+&, VkeEN.
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Let us prove that (2) is bounded in H}. Using (2.2), we can see that (2) = (i)
is bounded in L?([0,77]). Then the sequence (zj) is bounded in H1 and L*([0,T7).
Hence, (2i) is bounded in H7 if and only if (§) is bounded in R. Suppose that
(&) is not bounded in R. Then, up to a subsequence, we can suppose that:

& — 400, as k — oo.
The sequence (z) is bounded in Hr; then

T
/ _ . (4 &)k
f'(zk)wr = /0 B (RSN -0 ask — .

On the other hand,

T
(*T'k +§k)$k
/0 (r+ &2+ 232 0 ask — o0

because (zy) is bounded in L and &, — +oo. Then
T
/ |26]2 — 0, ask — oo.
0

For the same reason,

T 1
/ — 0, ask — oo.
0 (g +&k)2 + 12

This implies that
fzg) =0, ask — oo

which is a contradiction with ¢ > 0.
Thus, (2x) is bounded in H1 . Then, up to subsequence, (2;) converges weakly
in Hi and strongly in L>°([0,77]) to z € H}. We have

Jim f'(z1)2 = 0 = f'(2)2,

and
T 22
1. ! — 1' - 2 — —k = .
kingof (2k) 2k kLH;O/O |2k | (22 1 r2)3/2 0
Then
T T
lim/ |Z'k|2=/ Els
k—oo 0 0
and

T T
lim ipi = / Bl
k—o0 0 0
Hence, (%) converges to # in L?([0,T]). Then (zj) converge to 2z in Hx.
(b) Let (2x) be a sequence of Z(f). Let (&) € R, (x) € Ep be such that

Vk e N, zp=ux+&.

It is not difficult to prove that (2) = (i) is bounded in L?([0, 7], R) and (f(zx)) is
bounded in R. Then, up to a subsequence, we can suppose that (f(zx)) converges
to ¢ in R. If ¢ > 0, by the (P.S.) condition at the level ¢, (z) has a convergent
subsequence. Let us prove that ¢ > 0. Arguing by contradiction, we suppose that
¢ = 0. Then, (z}) converges strongly in H+ and in L* to 0 and (|&x]) goes to +oo
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as k — oo. On the other hand, for all £ € N, z; is a T-periodic solution of the
restricted three-body problem; hence

7 (zr(t) + &)
0= | Goregrs s e

This implies that

T
_ (wx(t) + &)
0= |§k|§k/0 (CEYAETEIOEE dt, VkeN

which is a contradiction with T' > 0, because, when k goes to oo the term on the
right-hand side goes to T'.

Let ¥ denote the family of sets A C HJ. — {0} such that A is closed in H+ and
symmetric with respect to 0. For A € 3, we define the cogenus of A to be

77 (A) = inf{n € N|3¢p: A — S"! odd and continuous}

and the genus to be
7T (A) = sup{n € N|F¢: "' — A odd and continuous}.
When there does not exist such a ¢, we set y*(A) = oo.

The proof of the following properties can be found in [12], [5], [6]: O

Proposition 1. 1°. If z # 0, y*({z} U {-2}) = 1.

2°. If there is an odd map f € C(A, B), then v*(A) < y*(B).

3°.VAeX, vT(A) <~ (A).

4°. If X is a subspace of H%: of dimension k and S = {x € X|||z||=r}, r >0,
then v£(9) = k.

5°. If X is a subspace of HY of codimension k and A € ¥ with v~ (A) > k, then
ANX #£o.

For all k € N, we let
vE={A€%; Ais compact, y=(A) > k}
and

+ .
c¢; = inf max f(x).
f= 0 /o)

By property 3 of Proposition 1, for all £k € N, we have
¢, < c:
and it is clear that
nytj/yétj...jryffj...
so we also have
c§§0f§c§£§~~§c§§-~-.

On the other hand, if f satisfies the Palais-Smale condition at the level ¢ = cf, it
is known that ¢ = cf is a critical value of f;if ¢ = ¢;7 = ¢;,; < f(0) and f satisfies
the Palais-Smale condition at the level ¢, then f~!({c}) contains infinitely many
distinct critical points (see [2], [7] and [13]). Hence, to prove Theorem 1, we must
prove the existence of Cf such that 0 < cf < f(0), since f satisfies the Palais-Smale

condition at every level ¢ > 0.
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Proposition 2. (1) 0 = c¢f < cf.
(2) &3, < £(0).

Proof. (1) Let us prove that ¢g = 0. For allz € H}., = # 0, we have v+ ({z, —z}) =
1. Then ¢& = inf{f(z);z € H}} because

f(z) = max f(t), Vze Hj.
te{z,—x}

On the other hand, we remark that inf{f(z);z € H}} = 0 because f is a positive
functional and f(§) — 0 as [§| — +o0, if £ € R.
Let us prove that ¢ > 0. We denote

6= inf f(x).

x€FEy
Using property 5 of Proposition 1, for all A € 7, , we have AN Ey # &, so that
c; >0

Let (z1) be a minimizing sequence of f over Ey: f(xxr) — 6 when k — oco. If § =0,
then (zy) converges to zero in H}. and in L*°([0,77) so that

, (M 1 T
kli)rglof(xk):klgglo/o <§|xk(t)|2+m> dt:/o mdt>0

which is a contradiction with § = 0. Thus, 6 > 0 and ¢ > ¢; > 0.
(2) Tt is clear that O is a critical point of f. Let X be the subspace of H1.
generated by the following functions:

1 si 27rt 27rt . 47rt 4_7rt . 2k17rt cos 2/€17rt
,sin T , COS T ,sin T , COS T ,...,8In T , T .

It is clear that the dimension of X is equal to 2k; + 1 and that there exists a > 0
such that

max f(z) < f(0)

where S = {z € X|||z|| = a} because f”(0)v.v < 0 for all v € X. Using Proposi-
tion 1, we have y*(S) = 2k; + 1 and by definition of the cf’s:

¢3i, < max f(z) < f(0).

The proof of (a) of Theorem 1 follows from Proposition 2. To prove (b) of
Theorem 1, we need the following proposition (see [3], [4], Proposition 6.8, page
170, [9]): O

Proposition 3. Let Q be a C? open subset of a Hilbert space H and let f €
C?(Q, R). Assume f' is a Fredholm operator (of null index) on the critical set
Z(f) ={ueQ,f'(u) =0}. Suppose furthermore that Z(f) is compact. Then, for
any € >0 and n > 0, there exists g. € C?(), R) satisfying the following properties:

(1) g-(u) = f(u), if lu—Z(f)ll = n.

(22) |0:(u) — f(W)] <e, lgi(u) ~ F'(w)]] <&, Vu € 0.

(8:3) lgZ (uw) = f" (W)l e,y < € Vu € Q.

(g.4) The critical points of ge (if any) are in finite number and are nondegenerate.

(g.5) gL is a Fredholm operator (of null index) and if f satisfies the (P.S.)
condition, then g. can also be chosen so that it satisfies the (P.S.) condition.
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It is not difficult to prove that the functional f corresponding to the restricted
three-body problem satisfies the assumptions of Proposition 3. Hence, we construct
a sequence of functionals (g, ) such that g, satisfies properties (g.1)—(g.5) of Propo-
sition 3 with e = n = % and we can suppose that g, is even for all n (if not, we
replace ga(.) by (gn() 4 gu(—))/2).

For all n € N, we set

:t 3
C = inf max x
( n)k G’Y,irl e gn( )

by (g.2) of Proposition 3; it is clear that
F—1/n<(c)f <cif+1/n, VkeN.

Then, for n large enough, (c,) (k = 1,2,...,2k) are critical values of g,,. In [5]
(see also [6]) Bahri and Lions proved the existence of at least two critical points of
gn,xp and y, for kK =1,2,...,2k;, critical points of g, such that

()i = gn(yl),  in(yl) +valyp) >k,

and

(cn)r = gn(x}), in(xy) <k,

where 4, and v, are, respectively, the Morse index and the nullity of z}! and ¥}, as
critical points of the functional g,,. Now, using Proposition 3 and the Palais-Smale
condition, we can prove (b) of Theorem 1.

Remark 1. (a) It is not difficult to see that, for any T-periodic solution x of the
restricted three-body problem, the dimension of the space of solutions of the lin-
earized system

" 22%(t) — r?(t)

y(ﬁ) = 2 2 5/2 y(t)7
(2) (22(t) +r2(t))

y(0) =y(T') = 4(0) —y(T) = 0
is equal to the nullity of the critical point = of f. Then the nullity of any critical
point x of f satisfies 0 < v(z) < 2.

(b) In the autonomous case, (r(.) = 79), if z is a T-periodic solution of the
restricted three-body problem, then y = & is a solution of the linearized problem
(2). Thus, v(x) > 1. Using a theorem due to Willem [15] (see also [10], page 228),
we can prove that the nullity of any critical point = of f is equal to one.

3. VARIATIONAL FORMULATION WITH A SYMMETRY CONDITION ON 7

In this section, we assume that the T-periodic function r satisfies the following
symmetry condition (see [8] for another application):

vt €[0,T/2], r*(t)=7r*(T —t).
We consider the system
u(t)

= G e
u(0) = u(pT/2) = 0.

We denote by E,, p € N*, the Hilbert space
Ey = {u € H'([0,pT/2], R)[u(0) = u(pT/2) = 0}

3), t €[0,pT/2],
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equipped with its usual norm

2 _ pT/2~ 2
[[ull® = ; [u(t)|"dt

and we define the functional f, by
E, — R,

pT/2 1. ) 1
fp.u»—>/0 <§|u(t)| +m> dt

It is not difficult to prove that f, is of class C! and that the solutions of system
(3)p are the critical points of the functional fp.

Theorem 2. For all p € N, let mg and k, be such that

3/2 o
m0:< max |r(t)|) , kp:max{keN;k< 5 }

t€[0,7/2] T
If k, > 1, the functional f, has at least two critical points up, —u, such that
(2.3) up(t) #0, Vt€]0,pT/2].

Corollary 3. There exists pg € N such that, for allp € N, p > po, the restricted
three-body problem has at least two nontrivial periodic solutions, x,, —p, of minimal
period (pT') such that:

zp(t +pT/2) = —ap(pT/2 —t), Vi€ [0,pT/2].
Proof of Corollary 3. The sequence (k) of Theorem 2 is an increasing sequence

such that

lim k, = +oo0.

p—oo

Then, there exists py such that, for all p € N, p > po, k, > 1. Starting from
the critical point u, of fp,, we construct a (pT')-periodic solution of the restricted
three-body problem by putting

o (1) = W0 t € [0,pT/2],
3 —up(pT —t), t € [pT/2,pT),

and then extending x, by (pT')-periodicity, to the whole real line. It is not difficult
to see that z, is a (pT')-periodic solution of the restricted three-body problem and
it is clear that the minimal period of z, is (pT") because u, satisfies (2.3). |

Proof of Theorem 2.

Lemma 2. The functional f, is even, bounded from below in E, and satisfies the
(P.S.) condition at every level c € R.

Proof of Lemma 2. It is clear that f, is even and bounded from below. Let (zx) C
E, be a sequence such that:

(2.4) fo(ze)h — 0, VheE, ask— oo
and

(2.5) fplz) = c€R, ask— oo.



PERIODIC ORBITS OF THE RESTRICTED THREE-BODY PROBLEM 2273

Then (zx) is bounded in E,. Up to a subsequence, (zj) converges weakly in E, and
strongly in L>°([0,pT/2]) to z € E,. We have

kllrgo folzk)z=0= f(2)z,

and
pT' /2 ) ZI%
li / =l : [ E—0
kggofp(Zk)Zk pm ) |2k| (z,%+7"2)3/2
Then
pT/2 pT/2
o T A
k—oo 0 0
and

pT'/2 pT/2
lim Spt = / 2|2
0

k—o0 0

Hence, (%5) converges to # in L2([0,pT/2]). Then (zj) converges to z in E,. |

Lemma 3. There exists po € N such that, for all p > pg, the minimum of f, is
achieved in u, € E, such that

0 < fp(up) = min{fy(u);u € Ep} < f,(0), Vp = po.

Proof of Lemma 3. With the (P.S.) condition, it is easy to see that the minimum
of the functional f, is achieved. For all p € N, let u, be such that

(2.6) fp(up) = min{ fp(u);u € Ep}.
If k, > 1, we define w, € E, as follows:

. (2w
wp(t) = sin <ﬁkpt) , Ytel0,pT/2].

We have
pT'/2 . pT'/2 wa (¢ 2
pOw, = [ pa- [T
0 0
2 2 1
< —k — — | pT/4
N <(pT p) m3>p /
< 0.
Then

folup) < f,(0)
and it is not difficult to see that
folu) >0, Vp,Vu.

By Lemma 2 and Lemma 3, we have the existence of a critical point u, of the
functional f,. To prove (2.4), we can suppose that

(2.7) up(t) >0, te0,pF]

because |u,| is also in B, and fp(|up|) = fp(up). On the other hand, wu, is a critical
point of fo; thus u, satisfies the system (3),. Now, using (3), and (2.7), we deduce
(2.4). O
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4. BIFURCATION IN THE RESTRICTED THREE-BODY PROBLEM

In this section, we are interested in the case T'= 27w and r = r., € € R, is given
by Moser [11]:

re(t) = 2(1 —ecos(t)) + O(e?)

and we suppose that r = r. is C* in € and t.
For all p > 1 and for |¢] # 0 small enough, we can see the restricted three-body
problem

() = — )
(1)E (22(t) 4 r2(t))3/2°
2(0) — z(2pm) = 2(0) — 2(2p7) =0

as a perturbed system of the autonomous restricted three-body problem for ¢ = 0:

2
g —Z(t) - (22(t) + %)3/27

z(0) — z(2pm) = 2(0) — 2(2pm) = 0.

(1)

Proposition 4. For all p > 1, the autonomous restricted three-body problem (1)

has at least two nontrivial periodic solutions x,, —x, of minimal period 2pm.

Proof. For all p € N, p > 1, we have

3/2 1
= t = —
mo <t16n[3,7}7{r] |T0( )|> \/gv

k, = max{k € N; k < pv8}.

Then k, > 1 for all p > 1. By Theorem 2 and Corollary 3, we have Proposition 4.
O

Remark 2. The system (1)§ is autonomous. If z is a solution of (1)§, then, for all
T € [0,2pn[, T*x = x(.+7) is also a solution. Hence, we have an orbit of solutions:

Zx)={r*xz=z(.+71): 7 €10,2pn]}.

Theorem 3. There exists € > 0 such that: for all €, 0 < |e| < E, the perturbed
restricted three-body problem (1) has at least two (2pm)-periodic solutions near the
orbit Z(xp), where x, is the (2pm)-periodic solution given by Proposition 4.

Theorem 3 is a particular case of a general theorem of [1]. Here, we use the
implicit function theorem and the following lemmas:

Lemma 4. Let a: R — R, f: R — R be two T-periodic functions. Let Fy be the
space of solutions of the linear system:

i(t) = a@®)y(t),  y(0) —y(T) =5(0) —y(T) = 0.

Then the linear system
i(t) = a(t)y(t) + £(t),  y(0) —y(T) =5(0) —y(T) =0

has a solution if and only if fOT f@)v(t)dt =0 for all v € Ey.
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Lemma 4 is a classical result for the problem with periodic boundary conditions.
We define the function F: R x Hy, — Hj, by

2pm X Py
(F(e, 2),h) = /0 <2(t)h(t) - (zz(t)(j-)ﬁg(ii)ﬁﬂ) dt, Vhe HL,

where (., .) is the scalar product in Hy, . It is not difficult to prove that F" is C*
and

F(e,z) =0« zis a solution of (1)2.

We denote by £, = F.(0,7 * 2,) and E; the subspace of H21p7T generated by y =
T * $p.

Remark 3. By Remark 2 and Lemma 4, we can deduce that
Ker(L,) = E,, and Range(L,) = E+.
Lemma 5. There exist g > 0 and two C*° functions:
A —eo,e0[xR — R, =z:]—eo,e0[xR— Hy,,

such that

(a) 2(0,7) =T xxp, 2(e, 7+ 2pm) = 2(e, T), VT € R, Ve €] — €, 0],
(b) F(e,2(e,7)) + Ae,T)T x&p =0, VT € R, Ve €] — €p, €0,

(c) z(e,m1)(.) # z(e,2)(.), V11,72 € [0, 2p7[, 71 # T2,Ve €] — €0, &0].

Proof of Lemma 5. Let G: R X R x R x H21p7T — R % H21p7T be defined by
Gle, 1, N\ z) = ((z,Tx&p), F(e, 2) + A\T * &p).
Using Remark 3, it is not difficult to see that
G(0,7,0,7 * x,) = 0 and G, ,(0,7,0,7 * zp) is an isomorphism

for all 7 € [0, pT]. Then we can apply the implicit function theorem for the function
G in the point (0, u, 0, * x;,) for all p € [0,2pn]: there exist €, > 0, an open
neighborhood V(i) of 1 and a unique pair of C* functions

/\M :] - aﬂasﬂ[xv(,u) - Ra m :] - EIME}L[XV(:“) - H21p7'r
such that

0=_G(e, 7, A\u(e, ), 2u(e, 7)), Ve, T) €] —ep,en[XV ().

Now, using the 2pm periodicity of G in 7, the unicity of the functions \,, 2, and the
compactness of [0,2p7], we can find €9 > 0 and construct two functions A, z that
satisfy (a) and (b) of Lemma 5. Let 71 # 72 € R be such that 0 < 7 < 75 < 2pm.
It is clear that 71 * x;, 7# T2 * zp, because 0 < 73 — 71 < 2pm and 2pr is the minimal
period of z,. On the other hand, z is a continuous function of ¢ and 7; then we
can choose £¢ > 0 such that (c) is true. (]

Proof of Theorem 3. Let € be such that 0 < |e] < €p. We define the function

he: R — R by
_ 2pm 1. ) 1
) = [ <§|z<t>| + —Z2(t)+rg(t)> dt
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where z = z(e,7) is the function given by Lemma 5. Using Lemma 5, it is not
difficult to see that h. is a C'*° 2pm-periodic function and

and

W) = (Ple e, 7), 20Ty = xem)ir e, 220007,
02(0,7)

(T * &y, ) = (T *dp, TR Ip) # 0

or

then the continuity of % in € implies that there exists 0 < € < ¢¢ such that

0z(e, T)

T>§£O, VE7|E| <E.

(T * &p,

Hence, for all € €] — g,2], if 7 is a critical point of h., then F(e, z(e,7T)) = 0.

On the other hand, h. achieves its maximum and minimum in two points 7 #

T2 € [0, 2pm| because h. is continuous and 2pm-periodic. Then z(e, ), i = 1,2, are
two 2pm-periodic solutions of (1)2 and by the continuity of z in &, we can see that

the two solutions are in a neighborhood of the orbit Z(z,). O
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